Classical simulation of partially entangled states 
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We investigate the possibility of simulating partially entangled two qubit states by separable 
states of higher spins. First, we show that all partially entangled isotropic states can be simulated 
classically. We further investigate partially entangled pure states, and their binary mixtures and find 
that these systems forbid such a simulation, signifying that separability does not have a universal 
character in determining the inherent quantum nature of a state. 



Introduction: The problem of distinguishing the truly 
quantum properties of a system from those which can be 
realized in classical systems has received close attention 
ever since the birth of quantum mechanics. In partic- 
ular, the violation of Bell inequality by fully entangled 
states establishes that there is no classical, i.e., a separa- 
ble bipartite state that can simulate the spin correlations 
fully. This raises the interesting question whether there 
are classical systems which can simulate quantum sys- 
tems which are partially entangled. The question gains 
further importance in quantum computation, as may be 
seen from the remarkable work of Valiant [IJ who showed 
how a class of quantum computers can be simulated by 
classical computers efficiently - in polynomial time. With 
these in mind, in this letter, we examine whether partially 
entangled two qubit states admit a classical simulation. 
To make the results transparent, and keep the arguments 
unclutterd, we focus on three classes of states - which suf- 
fice to bring out the rich interplay between entanglement 
and classical quantum correspondence. 
Motivation and formulation: Let us start with a 
quick recap of the concepts of of separability [2 and spin 
coherent states [3J (which we employ for formulating the 
problem). A bipartite state is separable if it admits a 
resolution 

P^"" -Y^p^pf ® pf ■ (1) 

i 

In such a state, the expectation value of an observable 
Oi2 = Oi{A)02iB) has the property 

Tr{0,2P^^} = Y.P^T^iOM)pf}Tr{02{B)pf} (2) 

i 

which has precisely the characterestics of a classical (lo- 
cal hidden variable) correlation. States which do not ad- 
mit such an expansion are nonseparable. The essence 
of this definition is that any classical bivariate probabil- 
ity density p{a, /?) is separable; it can be expanded as 
p(a,/3) = ^i\fi{a)gi{j3) in terms of univariate proba- 
bility densities fi, gi and appropriate weights A^. The 
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notion of nonseparability implies that there are probabil- 
ity amplitudes which do not share this property. 

To make further progress, it is convenient to employ 
spin coherent basis (SCB). Recall again that spin coher- 
ent states \n) for a spin S particle may be generated by 
the action of the rotation group (more precisely, SU{2)) 
on the state \m — S) [3J, as shown below: 

\n{e, <j>)) = e-''^^^e-'^y'^e^'^^^\S) (3) 

Note that we have ignored the over all phase introduced 
by e~'^^'^'^. The coherent states satisfy the relations 
{n{6, 4>)\S\fi{6, (j>)) = Sh{9, 0) which justifiies the nomen- 
clature. The set {fi{d, (/>)}, which constitues SCB, is over- 
complete. Yet, the inner product — ( _^ 
as 5 — oo, i.e., the states become mutually orthogonal. 
Since the manifold of coherent states is simply the phase 
space for a classical spin, one says that the classical limit 
is attained in the large S limit. 

Central to our analysis is the result that given a state of 
a given spin S, it is possible to characterize it completely 
in terms of its diagonal elements in SCB, F(n) = {n\p\n), 
meaning that the parent state is uniquely determined by 
the classical probability density function (PDF), F{n) . 
Thus, for example, a single qubit state has a unique PDF 
in the manner shown below: 

p=l{l + a-P)^Fin) = j-{l + P-h). (4) 

This result extends to a two qubit state p^^; its corrre- 
sponding PDF is given by 

F{TT.A,nB) ^ {nA<E)nB\p'^^\nA<S)nB) (5) 

and, once again, F{nA,nB) determines the parent state 
unambiguously. 

The stage is set to formulate the probem. Being a clas- 
sical Liouville function, F(hA, f^s) is separable; it admits 
a resolution 

F{hA,nB) ^^PifiinAjgiifiB) (6) 

i 

The density functions fi{n^) and gi{h^) correspond to 
some parent states pf and pf . This would appear to 
yield a separable resolution of p^^ 

P^''=Y.P^pt®pf (7) 

i 
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even if the state is nonseparable, leading to an apparent 
contradiction, as depicted in Fig.l. 
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Result : The isotropic states, ps-'^jQ,] defined in Eq.9 
are separable in the range \a\ < g^[7]. 

Proof: The proof is constructive, and exploits the 
isotropy of the states. Consider the pure product state 
p = (g) (K) (51). Written in the irreducible 



tensor basis, this has the form 
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(11) 

which emphasizes that the quantization is along the z 
axis. Note that the spin S state admits polarizations of 
all ranks. From pz, we construct the isotropic state which 
is done in two steps: (i) We first construct the separable 
state — \{px + Py + Pz) obtained by summing over the 
three orthogonal directions. This has the form 



Figure 1: Schematic diagram indicating the apparent contra- 
diction. 
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As mentioned, we illustrate the resolution of this ap- 
parent contradiction for three representative cases in the 
following. 

1. Isotropic states: Isotropic two qubit states (Werner 
states) have the form 



(8) 



where, the parameter a G [— 1 
PDF is given by 



The corresponding 



{fiA'^nBlp^ [a] I ® ns) 



-{l + afiA-fiB} 



(9) 



It is important to note that i^^is a legitimate PDF over 
a larger range of the parameter, i.e., a e [—1, 1]. Being 
classical, it is separable everywhere. The parent state 
is, however, separable only when a e [—1,1], as follows 
from the PPT criterion |1|5]. 

We show that the separability of F'^ in Eq. 8 over the 
full range of values corresponds, in fact, to the separa- 
bility of higher spin states, which yield exactly the same 
correlations as the original two qubit state. It suffices to 
consider the family of bipartite states where A has spin 
half and B possesses a spin S, for which we establish 
the range of separability. Consider the class of isotropic 
states 



1 
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{li (g> Is + ad- T} (10) 



where, T — ^. Positivity constraints imply that a G 
[— 1, g^], which contains the range for the Werner states 
as its subset. Furthermore, the PDF for ps^'S'jQ.] jg again 
given by F^ but over the larger range, indicating the 
resolution of the paradox. That this is the case follows 
from the following result: 



where the anisotropic terms, all of higher rank, are indi- 
cated by ellipses, (ii) The anisotropic correlation terms 
in p are eliminated by a uniformization procedure, i.e., 
by averaging over all possible rotations, which of course 
leave the isotropic terms unchanged, and leave us with 
/0 2''^[a] |H]. Thus the state p2>'S[a] is separable over the 
range a > for any spin 5. Since PPT criterion 

is necessary, this state is nonseparable over the range 

The entangling segment shrinks to increasingly smaller 
intervals a G [— 1,— 5^) as S increases. Thus all 
isotropic states, with the exception of the extremal Bell 
state can be simulated by a classical state of sufficiently 
large spin, whose minimum value is given by Smm = 
— Q!/(l + a). It is understood that if Smm lies between 
two half integers,, the larger half integer is to be chosen. 
Thus the entanglement of Werner states, as represented 
by the corresponding Smin , brings out the nonclassicality 
vividly, with S„iin ~^ 00 rapidly as a — > — 1. Fig 2 shows 
this function in the range a G [—0.85,-0.95]. 
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Figure 2: The higher spin classical equivalents of Werner 
states as a function of a. 



2. Pure states: The discussion of the isotropic states 
raises the possibility of partially entangled pure states 
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also admitting a classical simulation. For. none of the 
partially entangled isotropic states is pure. If that were 
to be so, entanglement (in the sense of nonseparabilty) 
would have the character of a universality. The anal- 
ysis below dispels such a hope. In anticipation of this 
result, we shall call all those states which do not admit 
a classical simulation, exceptional. The result is that all 
partially entangled states are exceptional. The proof in- 
volves demonstrating that every bipartite state of two 
equal spins S, which is equivalent an an entangled two 
qubit state, is nonseparable; more explicitly, it fails to 
satisfy the PPT criterion. 

All pure states of a given entanglement are related by 
local SU{2) X SU{2) transformations. Hence it is con- 
venient to employ the Schmidt basis and write \ip{0)) ~ 
cos^l tt) + sin^l 4,4,). Its corresponding PDF is easily 
seen to be 

Fein^.n^) = {1 + cos 26l(n^ + nf ) + n^nf 

+ sin2(?(n^nf -nX)} (13) 
The equivalent higher spin bipartite state is 

P = (25 + 1)2 ^^(^0 ^ Is + I5 ^ Tl) 

\-Tl ® Tl + sin 2Q{Tl (g) T| + «) T\)} (14) 

where = SJS; = S±/{^/2S). Its partially trans- 
posed form is given by 

p' = (25 + 1)2 + cos2B{T^ Ig + Is T^) 

(g) + sin 2e{Tl ® Tl + Tl (g) Tj)}. (15) 

If p' were positive, so would Hp'!! be, where 11 is any 
projection operator. On the other, the projection in the 
subspace H2 spanned by {\S, ~S), \S — 1, —S + 1)}, has 
the form 



which is clearly nonpositive, unless sin 20 = 0, in which 
case, it is trivially separable, at every spin including 
S = 1/2. 

3. A class of rank two states: We have seen that 
all partially entangled isotropic states are mixed and 
may be simulated classically. It is also settled that par- 
tially entangled pure states cannot be simulated classi- 
cally. To show that the interplay of entanglement and 
mixedness is more involved, we construct a class of rank 
two mixed states which are again exceptional. Con- 
sider an incoherent mixture of two pure states, |'(/'(^)) 
and \tp{9')) in the same Schmidt basis, with respective 
weights A and 1 — A. The associated bipartite state of 
two spin S particles is constructed exactly the same way. 
The projected state in the two dimensional subspace 
spanned by jS", — S*) and \S — 1,—S + 1) has the form 
p'2 — ^p'2{^) + (1 ^ '^)P2(^')i which again, is nonposi- 
tive almost everywhere. Thus, all pure entangled states, 
and some rank two entangled states are genuinely excep- 
tional, emphasizing the importance of coherence along- 
side entanglement. 

Conclusion: We have demonstrated how an isotropic 
state can, in fact, be simulated classically unless it is a 
Bell state. The entanglement is directly related to the 
spin of the separable state, which diverges as the entan- 
glement approaches its maximum. However, a nai've gen- 
eralization of this result to all partially entangled states 
would be in error, as we showed through the examples 
of pure states and their rank two incoherent mixtures. 
These results emphasize that there is a nontrivial inter- 
play of entanglement and coherence in determining the 
"quantumness" of a system, which merits further study. 
Indeed, the field of classical quantum correspondence, and 
its relation to nonlocality as initiated by Bell[6j , remains 
a fertile ground for further insights. 
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